In this paper, a new parameterization of the mechanical properties is proposed for the optimal selection of materials. Recent parameterization schemes from multi-phase topology optimization (i.e. Discrete Material Optimization -DMO) are compared to this novel approach in the selection of conventional laminates including only 0, -45, 45 and 90° plies. In the new parameterization the material stiffness is computed as a weighted sum of the candidate material properties, and the weights are based on the shape functions of a quadrangular first order finite element. Each vertex of the reference quadrangle then represents a candidate ply. Compared to DMO, this method requires fewer design variables, since the 4 pseudo-densities representing the presence or the absence of a given candidate ply in DMO are now replaced, in the weights, by two design variables, which are the 2 natural coordinates of the reference quadrangular element sufficient to identify each of the 4 vertices. Another advantage of the new parameterization scheme is to penalize, in a more convenient way, the intermediate values of the design variables, possibly avoiding any blending of materials at the solution. Three simple numerical applications with inplane loadings are proposed and solved in order to demonstrate that the new approach is an interesting alternative to DMO, able to select the optimal orientations and to combine the material distribution with optimal orientation problems.
Introduction
The problem of selecting a suitable material has been investigated for a long time. It has found a natural application in the optimal distribution of fiber orientations in composite structures [1] [2] [3] and in the identification of the optimal stacking sequence (see [4] [5] [6] [7] [8] amongst many others). In most practical applications, the candidate materials are restricted to 0, 45, -45 and 90° plies, which are the conventional orientations used in aeronautics. In their recent work, Lund and coworkers [9] [10] [11] [12] [13] [14] have proposed the Discrete Material Optimization (DMO) approach to parameterize the topology optimization problem of structures made of fibers reinforced composite materials. This approach is an extension of the multiphase topology optimization proposed in [15] . When applied to a composite ply denoted as l, it consists in writing the linear anisotropic material stiffness matrix C l as a weighted sum of the stiffness of some candidate materials. When conventional laminates are used, and assuming that materials 1, 2, 3 and 4 correspond to fibers oriented at 0°, 45°, 90°and -45°, respectively, the following applies (no summation over the index l): In (1) and (2), n l is equal to 4 since 4 candidate orientations are considered. Equation ( 2) needs to be satisfied because it is a condition to obtain physically meaningful results. At the optimum, the physical ply l should be made of one (and only one) of the candidate plies, with the material properties C1, C2, C3 or C4 ( Figure 1 ). Figure 1 . Identification of the optimal material for the ply in a DMO scheme Several schemes have been proposed in [9] [10] [11] [12] [13] [14] for defining the value of the weighting factors wi in (1). According to [12] , the schemes of Equations (3) and (4) are the most reliable ones. These are called DMO4 and DMO5, respectively, in [12] . Omitting the index l, they are written:
In (3) and (4), the parameters xi (i = 1,…,n) are the design variables, which take their values between 0 and 1. According to those authors [9] [10] [11] [12] [13] [14] , the problem with DMO4 (3) is that the condition (2) is only verified for design variables xi equal to 0 or 1, which could lead to convergence problems; the difficulty with DMO5, which is a scaled version of DMO4, is that the effect of the penalization p is less predominant, and the results can be made of many intermediate densities.
Nevertheless, both DMO4 and DMO5 perform well, and interesting solutions have been obtained in [9] [10] [11] [12] [13] [14] . Finally, DMO is a very general method able to manage an arbitrary number of candidate materials.
New material parameterization
Referring to the finite element theory [16], Equation (2) represents the partition of unity, which is, by definition, satisfied by the shape functions, here denoted wi, used to interpolate some nodal values ui. For instance, with a quadrangular first order finite element, there are 4 nodes (vertices) noted i (i = 1,…,4) and the approximation of a field u is written as:
with Each vertex of the reference quadrangular element is characterized by a specific value, either +1 or -1, for R and S. Based on these facts, a candidate material could be assigned to each vertex of the quadrangle, as illustrated in Figure 2b , identified by a couple of values (R;S). With this definition, the shape functions (SF) of (6) become the weights in the stiffness definition (1). They are illustrated in Figure 3 . Two design variables, R and S, are then sufficient to identify a conventional ply from a set of -45, 0, 45 and 90° fiber orientations. In summary, the weights (6) take the following form, called the SF parameterization:
for SF (7) Figure 2 . Support of the new parameterization for the material selection (6) is equal to 1 and w1 = w2 = w4 = 0; when replaced in (1), it results that the optimal material is characterized by the C3 constitutive matrix, and the corresponding ply is therefore made of fibers oriented at 90° (Figures 2 and 3 ). The assignment of the material properties to the vertices is of course not unique, however, it does not influence the results. The principle of the SF parameterization is illustrated in Figure 4 . Figure 4 . Identification of the optimal material for the ply in an SF scheme
As depicted in Figure 3 , the parameterization proposed in (7) does not penalize the intermediate values of the design variables R and S, since the shape functions are bilinear in R and S. As Equation (2) must at least be satisfied at the solution but not necessarily during the iteration history, we can therefore penalize weights in (7) with an exponent p in order to force the selection of only one material at the solution, thus limiting the occurrence of any blending of materials in a given physical ply at the optimum. The resulting SFP scheme (SF with penalization) is written like this:
When p is equal to 1, the SFP scheme is equivalent to the SF parameterization (7). The weighting coefficients are illustrated in Figure 5 , for different values of the exponent p. When an exponent is used in the SF formulation, Equation (2) is no longer satisfied during the optimization process, especially for intermediate values of R and S ( Figure 5 ). In this case, a resource constraint based on (2) could be added in the problem. It will be shown in the numerical tests that such a constraint does not have to be considered in the problem when the value of p is large enough. This statement is valid for the compliance problems which are considered in this paper. This should be checked for other kinds of structural responses, such as buckling and local constraints. In Figure 6 , it is seen that the proposed SFP parameterization with a penalty on the intermediate values of the design variables is very similar to the SIMP law classically used in topology optimization [17] . (4) and (8), the sensitivity analysis proposed in [9] [10] [11] [12] [13] [14] could be easily adapted to the SF and SFP definitions.
As it is the case for DMO4 with DMO5, a scaled version of SFP could be provided. However, the evolution of the resulting weighting coefficients is very similar to the one observed for the DMO5 scheme [12] . These scaled versions of SFP are not tested in this paper.
When a topology optimization problem is formulated, the ply can disappear at the solution. It is therefore necessary to include in the parameterization (8) an additional design variable  related to the classical SIMP formulation [17] . The material stiffness related to the ply l then becomes:
The value of q in (9) is not necessarily equal to p in (3) and (8).
The SFP method presented in this paper is less general than the DMO approach. SFP could certainly be extended to more (or less) than 4 materials, based on the existing finite element shape functions, with 2, 3 and 8 nodes (bar, triangle membrane, and hexagonal volume element, respectively). For 5, 6 and 7 candidate materials, shape functions with mixed degrees on the edges could be used. The definition of the shape functions mentioned above should be adapted in order to satisfy the non negativity constraint on the weights wi, which is a condition to provide physical solutions. These extensions of SFP are not tested in this paper, which considers only 4 materials and aims primarily to present the first idea for an alternative to DMO.
The following numerical tests will focus on the ply selection in membrane problems. As shown in Figure 4 , SFP could however be used for the stacking sequence optimization. In this case, specific design rules should be taken into account in the optimization problem. Such constraints should be defined on the weights wi. For example, the constraint requiring a minimum percentage of 0°p lies in the solution could be expressed based on a sum of the weights w1 of each ply in the transverse direction. Other restrictions, such as no more than 4 consecutive plies with the same orientation, could also be defined. Such extensions are currently being investigated [18] , but need further study.
As is the case for DMO, the solution provided by SFP will be sub-optimal. It is well known that when a discrete optimization problem is replaced by a continuous approach with a penalty to exclude intermediate values of the design variables, local optima appear in the design space [19] , and the optimizer can become trapped in such local solutions. This occurs even when a continuation approach is used with a penalization technique [20] .
Numerical test cases
Three numerical applications are solved in this paper. Despite being simple, they are sufficient to highlight the difficulties of the optimization problem, to enable an easy interpretation of the results and to appreciate the capabilities of the new parameterization scheme.
The objective is to select the best orientation of composite plies (0, -45, 45 or 90°), which maximizes the global in-plane structural stiffness, in a linear static analysis. The material properties are given in Table 1 . Table 1 . Material properties of the C12K/R6376 graphite epoxy
Our own implementation of MMA [21, 22] , available in the BOSS Quattro optimization tool box [23] , is used. The structural analysis is conducted with the SAMCEF finite element code [24] . The sensitivity analysis is carried out by finite differences.
Three parameterization schemes are compared: DMO4, DMO5 and SFP. For the DMO4 and DMO5 schemes, as expressed in (3) and (4) and illustrated in Figure  1 , four design variables xi are needed for each physical ply. For DMO4, a resource constraint could be considered, defined either by (10) or (11). Those 2 constraints are however not added to the optimization problem, but are computed in order to check whether the obtained solution is -in some sense -physically meaningful. 
For the SFP scheme (8), 2 design variables are sufficient in each physical ply, as illustrated in Figure 4 , and the constraint (10) could be included in the optimization problem (although it is not the case in this paper). Different values of p in (8) are tested.
The starting point for the optimization consists in an equal mix of the 4 candidate materials in each ply, i.e. xi = 0.25 (i = 1,…,4) for DMO4 and DMO5, while R = S = 0 for SF and SFP. The same convergence criterion is used for all the tests: the iterative process is stopped when the variation of the objective function between two iterations is less than 0.01%.
Structures submitted to in-plane loading are considered. For the convenience with the finite element code used here, the weighting factors wi are not applied to the constitutive matrix C l , but rather to the ply thickness t l of each candidate ply l. The approach then aims at determining the value of the thickness of the candidate plies with fibers oriented at 0, -45, 45 and 90°, instead of selecting the corresponding constitutive matrix (Figure 7 ). Equation (2) initially applied to the material properties (1) is then converted to the restriction to have a complete ply thickness at the solution (no summation over the index l):
In the applications, each physical ply should have a thickness equal to unity at the solution, that is ttotal = 1.0. As explained before, such a constraint (12) is not added to the optimization problem, but computed anyway to check the obtained results. Figure 7 . Illustration of the weighting factors in SFP applied to the thickness of the candidate plies
First application : orientation of a single ply
In this first test case we consider a composite membrane clamped on one edge and subjected to a uniform traction on the opposite edge ( Figure 8 ). The model is constituted of 16×16 first-order quadrangular membrane finite elements. The structure is made of one laminate including only one ply, and all the finite elements of the model will have the same fiber orientation at the solution. This ply is composed of 4 candidate materials, with fibers oriented at -45, 0, 45 and 90°. The optimization problem then includes 4 design variables for the DMO parameterizations, and 2 for the SFP ones. The results are provided in Table 2 . According to the load case (Figure 8 ), the optimal orientation is equal to 0°: t0°should therefore be equal to 1.0 at the optimum, while the other candidate ply thicknesses should vanish. These conditions are satisfied by the 7 configurations tested ( Table 2 . Results of the test case of Figure 8 and status of the solution
The same problem is now solved with a load acting in a vertical direction, as illustrated in Figure 9 . In this case, the optimal solution is given by a ply oriented at -45°. Figure 9 . First test case: vertical load
In Table 3 , the number of iterations needed to reach a solution is provided. It can be seen that the DMO4 and DMO5 schemes are not able to find the optimal solution. For DMO4 and DMO5, a blending of 0°, 90° and -45° plies is obtained; for DMO4 the resulting ply thickness is equal to 0.45 instead of 1.0. The optimum is obtained for the SFP schemes when the exponent p is larger than or equal to 2. In this case, a thickness equal to 1.0 is obtained after 4 iterations. For lower values of the exponent, a blending of either the 4 candidate materials, or 0° and -45° plies is obtained. Moreover, for SFP with p = 1.5, the total thickness at the solution is equal to 0.7 instead of 1.0. In conclusion, SFP reaches the optimal solution consisting of a unique ply at -45° when the value of the exponent p is larger than or equal to 2. DMO is unable to identify this optimum. Table 3 . Results of the test case of Figure 9 and status of the solution
Second application : non homogeneous composite
The problem of Figure 10 is considered. The structure is divided into 16 regions of independent fiber orientations. In each region, we are looking for the best ply amongst the set of 0, 45, 90 and -45° orientations. The orientations can therefore vary from region to region at the solution. For the DMO schemes, 64 design variables are needed. For the SFP parameterizations, 32 design variables are used. Figure 10 . Second test case: vertical load and non homogeneous laminate.
Numbering of the regions
The results are presented in Table 4 . For the DMO4 scheme, a blending of orientations is present at the solution and the total thickness is not equal to 1.0, in the regions 8, 12, 15 and 16 of Figure 10 . For DMO5, the pattern obtained at the convergence is illustrated in Figure 11 . At iteration 4, a smaller value of the objective function was obtained (very close to the one obtained with SFP and p ≥ 2), but for a pattern including a blending (95% versus 5%) of materials in 10 regions. The underlying solution with the material covering 95% is the same as the one obtained for SFP with p ≥ 2. For the SFP schemes with an exponent p larger than or equal to 2 the solution of Figure 11 is obtained in 4 iterations, and the thickness is equal to 1.0 at the optimum. For SFP with p = 1.5, a blending of plies is present in 3 regions. For SFP with p = 1, no meaningful solution is obtained. In conclusion, SFP reaches a solution representing the smallest value of the objective function and no blending of plies in each region when p is larger than or equal to 2. DMO4 provides a solution with blending of plies. DMO5 provides a solution without blending of plies but with a higher value of the objective function in comparison to SFP. Figure 10 . OBJ stands for "objective function" Figure 11 . Orientations obtained with DMO5 and SFP (p = 2, 3 and 5)
Third application : topology optimization and material selection
The additional design variables  introduced in (9) to remove material at the solution are used in this application. In the problem illustrated in Figure 12 , 80 and 48 design variables are considered, for the DMO and SFP schemes, respectively. Removal of the material corresponding to 5 regions was imposed, which means that the global constraint (13) is added to the problem. 
In order to provide a "black and white" final design, the exponent q of (9) is equal to 6. The results are presented in Table 5 and in Figures 13 and 14 .
For the SFP scheme with p = 2, 3 and 5, the same orientations as shown in Figure  11 are obtained after 4 iterations. 15 additional steps are needed to identify the set of the optimal densities . For p = 1.5, a blending of materials is still present at the solution in region 14 of Figure 12 , and some unexpected orientations are present (e.g. -45° is obtained in region 13). For SFP with p = 1, the solution includes several regions with blended materials.
For DMO5, a solution is obtained after 18 iterations. This is illustrated in Figure  14 . 
Conclusions
A new parameterization for material optimization has been presented. It is based on the shape functions classically used in finite elements, and is applied to the selection of conventional fiber orientations (0, 45, 90 and -45°) in composite structures. Compared to other schemes like DMO (Discrete Material Optimization), the SFP scheme (Shape Functions with Penalization) requires a smaller number of design variables. The specific shape of the resulting penalty functions is very similar to the SIMP law for topology optimization, and SFP seems less likely to provide a blending of candidate materials at the solution. The SFP parameterization is simple to understand and easy to use. The proposed method showed interesting results when tested on simple representative problems. Other parameterization schemes based on the same principle could be identified and applied, for instance, to the selection of isotropic material or composite sublaminates.
